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Permutation and Combination are the most fundamental concepts in mathematics related to picking items from a group or set. Permutation is arranging items considering the order of selection from a certain group.Combination is selecting items without considering order.For example, in the below diagram, PQ and QP are different in permutation but
same in combination. Therefore we have more permutations than combinations.Permutations and CombinationsPermutation MeaningPermutation is the distinct interpretations of a provided number of components carried one by one, or some, or all at a time. For example, if we have two components A and B, then there are two likely performances, AB
and BA.A numeral of permutations when ‘r’ components are positioned out of a total of ‘'n’ components is n Pr. For example, let n = 3 (A, B, and C) and r = 2 (All permutations of size 2). Then there are 3P2 such permutations, which is equal to 6. These six permutations are AB, AC, BA, BC, CA, and CB. The six permutations of A, B, and C taken three at
a time are shown in the image added below:Permutation MeaningPermutation FormulaPermutation formula is used to find the number of ways to pick r things out of n different things in a specific order, and replacement is not allowed, and is given as follows:Permutation FormulaExplanation of Permutation FormulaAs we know, permutation is an
arrangement of r things out of n where the order of arrangement is important( AB and BA are two different permutations). If there are three different numerals 1, 2 and 3 and if someone is curious to permute the numerals taking 2 at a moment, it shows (1, 2), (1, 3), (2, 1), (2, 3), (3, 1), and (3, 2). That it can be accomplished in 6 methods. Here, (1, 2)
and (2, 1) are distinct. Again, if these 3 numerals shall be put handling all at a time, then the interpretations will be (1, 2, 3), (1, 3, 2), (2, 1, 3), (2, 3, 1), (3, 1, 2) and (3, 2, 1) i.e. in 6 ways. In general, n distinct things can be set taking r (r < n) at a time inn(n- 1)(n - 2)...(n - r + 1) ways. In fact, the first thing can be any of the n things. Now, after
choosing the first thing, the second thing will be any of the remaining n - 1 things. Likewise, the third thing can be any of the remaining n - 2 things. Alike, the rth thing can be any of the remaining n - (r - 1) things. Hence, the entire number of permutations of n distinct things carrying r at a time is n(n - 1)(n - 2)...[n - (r - 1)], which is written as n Pr.
Or, in other words, \bold{{}"nP r = \frac{n!}{(n-r)!} } Combination Meaninglt is the distinct sections of a shared number of components carried one by one, or some, or all at a time. For example, if there are two components A and B, then there is only one way to select two things, select both of them.For example, letn = 3 (A, B, and C) and r = 2
(All combinations of size 2). Then there are 3C2 such combinations, which is equal to 3. These three combinations are AB, AC, and BC.Here, the combination of any two letters out of three letters A, B, and C is shown below, we notice that in combination the order in which A and B are taken is not important as AB and BA represent the same
combination.Combination Example Note: In the same example, we have distinct points for permutation and combination. For, AB and BA are two distinct items i.e., two distinct permutation, but for selecting, AB and BA are the same i.e., same combination.Combination FormulaCombination Formula is used to choose ‘r’ components out of a total
number of ‘n’ components, and is given by:Combination FormulaUsing the above formula for r and (n-r), we get the same result. Thus,\bold{{}"nC r = {}"nC_{(n-r)}} Explanation of Combination FormulaCombination, on the further hand, is a type of pack. Again, out of those three numbers 1, 2, and 3 if sets are created with two numbers, then the
combinations are (1, 2), (1, 3), and (2, 3). Here, (1, 2) and (2, 1) are identical, unlike permutations where they are distinct. This is written as 3C2. In general, the number of combinations of n distinct things taken r at a time is, \bold{{} ~“nC r = \frac{n!}{r\times(n-r)!} = \frac{{} "nP _r}{r!}}Derivation of Permutation and Combination FormulasWe
can derive these Permutation and Combination formulas using the basic counting methods, as these formulas represent the same thing. Derivation of these formulas is as follows:Derivation of Permutations FormulaPermutation is selecting r distinct objects from n objects without replacement, and where the order of selection is important. By the
fundamental theorem of counting and the definition of permutation, we getP (n, r) = n. (n-1) . (n-2) . (n-3). ... .(n-(r+1))By multiplying and dividing above with (n-r)! = (n-r).(n-r-1).(n-r-2). ... .3. 2. 1, we getP (n, r) = [n.(n—1).(n=2)....(ar+ D [(n—1)(n—r—-1)(n-0)!] / (n-1)!= P (n, r) = n!/(n—r)!Thus, the formula for P (n, r) is derived.Derivation of
Combinations FormulaCombination is choosing r items out of n items when the order of selection is of no importance. Its formula is calculated as,C(n, r) = Total Number of Permutations /Number of ways to arrange r different objects. [Since by the fundamental theorem of counting, we know that number of ways to arrange r different objects in r ways
=r!]C(n,r) = P (n, r)/ r!'= C(n,r) = n!/(n—r)!r!Thus, the formula for Combination i.e., C(n, r) is derived.Read in Detail - [Combinations Formulas in Maths]Permutation Vs CombinationDifferences between permutation and combination can be understood by the following table:PermutationCombinationIn Permutation order of arrangement is
important.For example, AB and BA are different combinations.In Combination order of arrangement is not important.For example, AB and BA are the same combinations.A permutation is used when different kinds of things are to be sorted or arranged.Combinations are used when the same kind of things are tobe sorted.Permutation of two things out
of three given things a, b, c is ab, ba, bc, cb, ac, ca.The combination of two things from the three given thingsa, b, c is ab, bc, ca.Formula for permuation is: n Pr = n!/(n - r)!The formula for Combination is: n Cr = n! /{r! X (n - r)!}Also Check,Solved Examples on Permutation and CombinationExample 1: Find the number of permutations and
combinations of n = 9 and r = 3.Solution: Given, n = 9, r = 3Using the formula given above:For Permutation:nPr = (n!) /(n-r)! = nPr=(9!)/(9-3)! = nPr=9!/6! = (9 x 8 Xx 7 X 6! )/ 6! = nPr = 504For Combination:nCr = n!/r!(n — r)!= nCr = 9!/3!(9 — 3)!= nCr = 9!/3!(6)!= nCr = 9 x 8 x 7 x 6!/3!(6)!= nCr = 84Example 2: In how many ways can a
committee consisting of 4 men and 2 women can be chosen from 6 men and 5 women?Solution:Choose 4 men out of 6 men = 6C4 ways = 15 waysChoose 2 women out of 5 women = 5C2 ways = 10 waysThe committee can be chosen in 6C4 x 5C2 = 150 ways.Example 3: In how many ways can 5 different books be arranged on a shelf?Solution: This is
a permutation problem because the order of the books matters. Using the permutation formula, we get:5P5 =5!/(5-5)! =5!/0! =5x4 x 3 x 2 x 1 = 120Therefore, there are 120 ways to arrange 5 different books on a shelf.Example 4: How many 3-letter words can be formed using the letters from the word "FABLE"?Solution: This is a permutation
problem because the order of the letters matters. Using the permutation formula, we get:5P3 = 5!/ (5 - 3)! = 5! /21 = 5 x4 x 3 = 60Therefore, there are 60 3-letter words that can be formed using the letters from the word "FABLE" . Example 5: A committee of 5 members is to be formed from a group of 10 people. In how many ways can this be done?
Solution: This is a combination problem because the order of the members doesn't matter. Using the combination formula, we get:10C5 = 10! / (5! x (10 - 5)!) = 10! / (5! x 5!) =10C5=(10x9x8x7x6) /(b x4 x 3x 2 x 1) = 252Therefore, there are 252 ways to form a committee of 5 members from a group of 10 people.Example 6: A pizza restaurant
offers 4 different toppings for their pizzas. If a customer wants to order a pizza with exactly 2 toppings, in how many ways can this be done?Solution: This is a combination problem because the order of the toppings doesn't matter. Using the combination formula, we get:4C2 =4! /(2! x (4 -2)!) =41/ (2! x2!) = (4 x 3) / (2 x 1) = 6Therefore, there are 6
ways to order a pizza with exactly 2 toppings from 4 different toppings.Example 7: How many considerable words can be created by using 2 letters from the term“LOVE”?Solution: The term “LOVE” has 4 distinct letters.Therefore, required number of words = 4P2 = 4! / (4 - 2)!Required number of words = 4! / 2! = 24 / 2= Required number of words
= 12Example 8: Out of 5 consonants and 3 vowels, how many words of 3 consonants and 2 vowels can be formed?Solution:Number of ways of choosing 3 consonants from 5 = 5C3Number of ways of choosing 2 vowels from 3 = 3C2Number of ways of choosing 3 consonants from 2 and 2 vowels from 3 = 5C3 x 3C2= Required number = 10 x 3= 30It
means we can have 30 groups where each group contains a total of 5 letters (3 consonants and 2 vowels).Number of ways of arranging 5 letters among themselves= 5! =5 x 4 x 3 x 2 x 1 = 120Hence, the required number of ways = 30 x 120= Required number of ways = 3600Example 9: How many different combinations do you get if you have 5
items and choose 4?Solution:Insert the given numbers into the combinations equation and solve. “n” is the number of items that are in the set (5 in this example); “r” is the number of items you’'re choosing (4 in this example):C(n, r) =n! /r! (n-1)!=>nCr=5! /41 (5-4)!l=nCr=(5%x4x3%x2%x1)/(4%x3x2x1x1)=nCr=120/24 = nCr = 5The
solution is 5.Example 10: Out of 6 consonants and 3 vowels, how many expressions of 2 consonants and 1 vowel can be created?Solution:Number of ways of selecting 2 consonants from 6 = 6C2Number of ways of selecting 1 vowels from 3 = 3C1Number of ways of selecting 3 consonants from 7 and 2 vowels from 4.= Required ways = 6C2 x 3C1=
Required ways = 15 x 3= Required ways= 451t means we can have 45 groups where each group contains a total of 3 letters (2 consonants and 1 vowels).Number of ways of arranging 3 letters among themselves = 3! = 3 x 2 x 1= Required ways to arrenge three letters = 6Hence, the required number of ways = 45 x 6= Required ways = 270Example
11: In how many distinct forms can the letters of the term 'PHONE' be organized so that the vowels consistently come together?Solution:The word 'PHONE' has 5 letters. It has the vowels 'O',' E', in it and these 2 vowels should consistently come jointly. Thus these two vowels can be grouped and viewed as a single letter. That is, PHN(OE).Therefore
we can take total letters like 4 and all these letters are distinct.Number of methods to organize these letters = 4! =4 x 3 x 2 x 1= Required ways arrenge letters = 24All the 2 vowels (OE) are distinct.Number of ways to arrange these vowels among themselves = 2! = 2 x 1= Required ways to arrange vowels = 2Hence, the required number of ways
= 24 x 2= Required ways = 48.Practice Questions - Permutations and CombinationsQuestion 1: How many ways can 5 books be arranged on a shelf?Question 2: In how many ways can a committee of 3 be chosen from a group of 10 people?Question 3: How many 4-digit PIN codes can be created using the digits 0-9 if repetition is allowed?Question 4:
A pizza shop offers 8 toppings. How many different 3-topping pizzas can be made?Question 5: In how many ways can 6 people be seated at a round table?Question 6: How many ways are there to select 2 boys and 3 girls from a class of 5 boys and 6 girls?Question 7: How many different 5-card hands can be dealt from a standard 52-card deck?Question
8: In how many ways can the letters of the word "MATHEMATICS" be arranged?Question 9: A bag contains 5 red marbles, 3 blue marbles, and 2 green marbles. How many ways are there to select 4 marbles?Question 10: How many ways are there to arrange the letters in the word "MISSISSIPPI"?Permutations and combinations are fundamental
concepts in probability and statistics used to calculate the number of possible outcomes in various scenarios. Permutations deal with arrangements where order matters, calculated using the formula P(n,r) = n! / (n-r)!, where n is the total number of items and r is the number being arranged. Combinations, on the other hand, focus on selections where
order is irrelevant, using the formula C(n,r) = n! / (r! * (n-r)!). The key difference lies in whether the order of selection is important. Factorials, denoted as n!, play a crucial role in both calculations, representing the product of all positive integers up to and including n. These concepts find applications in diverse fields, from creating PIN codes and
arranging seating plans (permutations) to selecting team members and calculating lottery odds (combinations). Understanding when to apply each concept is essential for solving problems involving counting and probability in both academic and real-world contexts. An arrangement of objects in which the order is not important is called a combination.
This is different from permutation where the order matters. For example, suppose we are arranging the letters A, B and C. In a permutation, the arrangement ABC and ACB are different. But, in a combination, the arrangements ABC and ACB are the same because the order is not important. What Is The Combination Formula? The number of
combinations of n things taken r at a time is written as C(n, r). The following diagram shows the formula for combination. Scroll down the page for more examples and solutions on how to use the combination formula. The number of combinations of selecting k items from a set of n distinct items is denoted in various ways: \(C(n,k)\) or \(_ nC_k\) or\
(("n_k)\) (read as “n choose k”) The formula for Combinations is: \(("n_k)=\frac{n!} {k!(n-k)!}\) Where: n = the total number of items in the set. k = the number of items you want to choose. ! = factorial If you are not familiar with the n! (n factorial notation) then have a look the factorial lesson How To Use The Combination Formula To Solve Word
Problems? Example: In how many ways can a coach choose three swimmers from among five swimmers? Solution: There are 5 swimmers to be taken 3 at a time. Using the formula: The coach can choose the swimmers in 10 ways. Example: Six friends want to play enough games of chess to be sure every one plays everyone else. How many games will
they have to play? Solution: There are 6 players to be taken 2 at a time. Using the formula: They will need to play 15 games. Example: In a lottery, each ticket has 5 one-digit numbers 0-9 on it. a) You win if your ticket has the digits in any order. What are your changes of winning? b) You would win only if your ticket has the digits in the required
order. What are your chances of winning? Solution: There are 10 digits to be taken 5 at a time. a) Using the formula: The chances of winning are 1 out of 252. b) Since the order matters, we should use permutation instead of combination. P(10, 5) = 10 x 9x 8 x 7 x 6 = 30240 The chances of winning are 1 out of 30240. How To Evaluate Combinations
As Well As Solve Counting Problems Using Combinations? A combination is a grouping or subset of items. For a combination, the order does not matter. How many committees of 3 can be formed from a group of 4 students? This is a combination and can be written as C(4,3) or 4C3 or \(\left( {\begin{array} {*{20}{c}}4\\3\end{array}} \right)\).
Examples: The soccer team has 20 players. There are always 11 players on the field. How many different groups of players can be on the field at any one time? A student need 8 more classes to complete her degree. If she met the prerequisites for all the courses, how many ways can she take 4 classes next semester? There are 4 men and 5 women in a
small office. The customer wants a site visit from a group of 2 man and 2 women. How many different groups can be formed from the office? Show Video Lesson Examples: A museum has 7 paintings by Picasso and wants to arrange 3 of them on the same wall. How many ways are there to do this? How many ways can you arrange the letters in the
word LOLLIPOP? A person playing poker is dealt 5 cards. How many different hands could the player have been dealt? Show Video Lesson How To Solve Combination Problems That Involve Selecting Groups Based On Conditional Criteria? Example: A bucket contains the following marbles: 4 red, 3 blue, 4 green, and 3 yellow making 14 total marbles.
Each marble is labeled with a number so they can be distinguished. How many sets/groups of 4 marbles are possible? How many sets/groups of 4 are there such that each one is a different color? How many sets of 4 are there in which at least 2 are red? How many sets of 4 are there in which none are red, but at least one is green? Show Video Lesson
Try out our new and fun Fraction Concoction Game. Add and subtract fractions to make exciting fraction concoctions following a recipe. There are four levels of difficulty: Easy, medium, hard and insane. Practice the basics of fraction addition and subtraction or challenge yourself with the insane level. We welcome your feedback, comments and
questions about this site or page. Please submit your feedback or enquiries via our Feedback page. The factorial function (symbol: !) says to multiply all whole numbers from our chosen number down to 1. Examples: 4! =4 x 3 x2x 1 =247!=7x6Xx5x4x 3 x2x1=5040 1! =1 We usually say (for example) 4! as "4 factorial", but some people
say "4 shriek" or "4 bang". Each factorial builds on the previous one, making calculations easier: Asatable:nn! 111122x1=2x11=233x2x1=3%x21=2=644x3x2x1=4x3!=2455x4x3x2x1=5x4!=1206 etcetc To work out 6!, multiply 120 by 6 to get 720 To work out 7!, multiply 720 by 7 to get 5040 And so on 10!
=10 x 9! 10! = 10 x 362,880 = 3,628,800 So the rule is: n! = n x (n—1)! Which says "the factorial of any number is that number times the factorial of (that number minus 1)" So 10! = 10 x 9!, ... and 125! = 125 x 124!, etc. What About "0!" Zero Factorial is interesting ... it is generally agreed that 0! = 1. It may seem funny that multiplying no
numbers together results in 1, but let's follow the pattern backwards from, say, 4! like this: And in many equations using 0! = 1 just makes sense. Example: how many ways can we arrange letters (without repeating)? For 1 letter "a" there is only 1 way: a For 2 letters "ab" there are 1x2=2 ways: ab, ba For 3 letters "abc" there are 1x2x3=6 ways: abc
ach cab bac bca cba For 4 letters "abcd" there are 1x2x3x4=24 ways: (try it yourself!) etc The formula is simply n! Now ... how many ways can we arrange no letters? Just one way, an empty space: So 0! = 1 Where is Factorial Used? One area they are used is in Combinations and Permutations. We had an example above, and here is a slightly
different example: Example: How many different ways can 7 people come 1st, 2nd and 3rd? The list is quite long, if the 7 people are called a,b,c,d,e,f and g then the list includes: abc, abd, abe, abf, abg, acb, acd, ace, acf, ... etc. The formula is 7!(7—3)! = 7!4! Let us write the multipliesoutinfull: 7 X 6 X5 x4 X3 X2 x 14 xXx3Xx2Xx1=7%X6xX5
That was neat. The 4 x 3 x 2 x 1 "cancelled out", leaving only 7 x 6 x 5. And: 7 X 6 X 5 = 210 So there are 210 different ways that 7 people could come 1st, 2nd and 3rd. Done! Using our knowledge from the previous example we can jump straight to this: 100!98! = 100 x 99 = 9900 Factorials also appear in probability and statistics, such as
calculating lottery odds. A Small Listnn! 011122364245 1206 720 7 5,040 8 40,320 9 362,880 10 3,628,800 11 39,916,800 12 479,001,600 13 6,227,020,800 14 87,178,291,200 15 1,307,674,368,000 16 20,922,789,888,000 17 355,687,428,096,000 18 6,402,373,705,728,000 19 121,645,100,408,832,000 20 2,432,902,008,176,640,000 21
51,090,942,171,709,440,000 22 1,124,000,727,777,607,680,000 23 25,852,016,738,884,976,640,000 24 620,448,401,733,239,439,360,000 25 15,511,210,043,330,985,984,000,000 As you can see, it gets big quickly. If you need more, try the Full Precision Calculator. Interesting Facts Six weeks is exactly 10! seconds (=3,628,800) Here is why:
Seconds in 6 weeks: 60 X 60 x 24 x 7 x 6 Factor some numbers: (2 x 3 x 10) X (3 x4 x5)x(8x3)x7x6Rearrange: 2X3 X4 X5X6x7x8x3x3x10Last3x3=9: 2x3x4x5x6x7x8x9 x 10 There are 52! ways to shuffle a deck of cards. That is 8.0658175... x 1067 Just shuffle a deckof cards and it is likely that you are the
first person ever with that particular order. There are about 60! atoms in the observable Universe. 60! is about 8.320987... x 1081 and the current estimates are between 1078 to 1082 atoms in the observable Universe. 70! is approximately 1.197857... x 10100, which is just larger than a Googol (the digit 1 followed by one hundred zeros). 100! is
approximately 9.3326215443944152681699238856 x 10157 200! is approximately 7.8865786736479050355236321393 x 10374 n! = (ne)n v2mrn The "=" means "approximately equal to". Let us see how good it is: n n! Close Formula (to 2 Decimals) Accuracy (to 4 Decimals) 1 1 0.92 0.9221 2 2 1.92 0.9595 3 6 5.84 0.9727 4 24 23.51 0.9794 5 120
118.02 0.9835 6 720 710.08 0.9862 7 5040 4980.40 0.9882 8 40320 39902.40 0.9896 9 362880 359536.87 0.9908 10 3628800 3598695.62 0.9917 11 39916800 39615625.05 0.9925 12 479001600 475687486.47 0.9931 If you don't need perfect accuracy this may be useful. Note: it is called "Stirling's approximation" and is based on a simplifed version
of the Gamma Function. What About Negatives? Can we have factorials for negative numbers? Yes ... but not for negative integers. Negative integer factorials, like (—1)!, (—2)!, etc, are undefined. Let's start with 3! =3 x 2 x 1 =6 and godown: 2! =3!/3=6/3=2 11=21/2=2/2=1 0!'=1!/1=1/1=1 whichiswhyO!=1 (-1)!=0!/
0=1/0="7? oops, dividing by zero is undefined And from there on down all integer factorials are undefined. What About Decimals? Can we have factorials for numbers like 0.5 or —3.217? Yes we can! But we need to use the Gamma Function (advanced topic). Factorials can also be negative (except for negative integers). But I can tell you the
factorial of half (*%2) is half of the square root of pi . Here are some "half-integer" factorials: (—%2)! = v (*2)! = (Y2)Vn (3/2)! = (3/4)Vm (5/2)! = (15/8)Vn It still follows the rule that "the factorial of any number is that number times the factorial of (1 smaller than that number)", because (3/2)! = (3/2) x (1/2)! (5/2)! = (5/2) x (3/2)! Can you figure out what
(7/2)! is? A double factorial is like a normal factorial but we skip every second number: 8!! =8 x 6 x4 x 2 =384 9!l =9 x 7 x 5 x 3 x 1 = 945 Notice how we multiply all even, or all odd, numbers. Note: if we want to apply factorial twice we write (n!)! 2229, 2230, 7006, 2231, 7007, 9080, 9081, 9082, 9083, 9084 Copyright © 2025 Rod Pierce
Combinations are also called selections. Combinations correspond to the selection of things from a given set of things. Here we do not intend to arrange things. We intend to select them. We denote the number of unique r-selections or combinations out of a group of n objects by \("n{C _r}\). Combinations are different from arrangements or
permutations. Let us learn more about how to calculate combinations, combinations formula, differences between permutation and combinations, with the help of examples, FAQs. What Are Combinations? Combinations are selections made by taking some or all of a number of objects, irrespective of their arrangements. The number of combinations of
n different things taken r at a time, denoted by \("n{C r}\) and it is given by, \("n{C r} = \dfrac{n!}{r!(n-r)!}\),where 0 < r = n. This forms the general combination formula which is \("“n C_r\) formula. This formula to find the number of combinations by using r objects from the n objects, is also referred as the ncr formula. What Is Combinations
Formula? The combinations formula is used to easily find the number of possible different groups of r objects each, which can be formed from the available n different objects. Combinations formula is the factorial of n, divided by the product of the factorial of r, and the factorial of the difference of n and r respectively. Combinations Formula: \("nC r
= \dfrac{n!}{r!.(n - r)!}\) The combinations formula is also referred to as ncr formula. To use the combinations formula we need to know the meaning of factorial, and we have n! =1 x 2 x 3 x .... (n - 1) x n. Combinations as Selections Suppose we have a set of 6 letters { A,B,C,D,E,F}. In how many ways can we select a group of 3 letters from this
set? Suppose we find the number of arrangements of 3 letters possible from those 6 letters. That number would be 6P\(_3\). Consider the permutations that contain the letters A, B, and C. These are 3! = 6 ways, namely ABC, ACB, BAC, BCA, CAB, and CBA. Now, what we want is the number of combinations and not the number of arrangements. In
other words, the 6 permutations listed above would correspond to a single combination. Differently put, the order of things is not important; only the group/combination matters now in our selection. This means that the total number of combinations of 3 letters from the set of 6 letters available to us would be 6P\(_3\)/3! ways, since each combination
is counted 3! times in the list of permutations. Thus, if we denote the number of combinations of 6 things taken 3 at a time by 6C\(_3\), we have: \(~6{C_3}= \dfrac{"~6{P _3}}{3}\). This is also said as 6 choose 3. A few important results on combinations are as follows: The number of ways of selecting n objects out of n objects is:\("n{C n} =
\frac{{n!}}{{n\left( {n - n} \right)!}} = \frac{{n!}}{{n!0!}} = 1\) The number of ways of selecting 0 objects out of n objects is:\("n{C 0} = \frac{{n!}}{{0Nleft( {n - 0} \right)!}} = \frac{{n!}}{{0!n!}} = 1\) The number of ways of selecting 1 object out of n objects is: \("n{C_1} = \frac{{n!}}{{1N\left( {n - 1} \right)!}} = \frac{{n \times \left( {n -
1} \right)!}}{{\eft( {n - 1} \right)!}} = n\)\("n{C r} = *n{C {n-r}}V)\("n{C r} +"n{C {r-1}} = ~{n+1}{C {r}}\) How To Apply Combinations Formula? We calculate combinations using the combinations formula, and by using factorials and in terms of permutations. In general, suppose we have n things available to us, and we want to find the
number of ways in which we can select r things out of these n things. We first find the number of all the permutations of these n things taken r at a time. That number would be \("nP _r\) . Now, in this list of \("nP_r\) permutations, each combination will be counted r! times since r things can be permuted amongst themselves in r! ways. Thus, the total
number of permutations and combinations of these n things, taken r at a time, denoted by \("nC_r\), will be: \("n{C r} = \dfrac{"n{P_r}}{r} = \dfrac{n!}{r!(n - r)!}\) Relationship Between Permutations and Combinations Permutation and combination formulas and concepts have a lot of similarities. Suppose that you have n different objects. You
have to determine the number of unique r-selections (selections that contain r objects) which can be made from this group of n objects. Think of a group of n people - you have to find the number of unique sub-groups of size r, which can be created from this group. The number of permutations of size r will be \("n{P_r}\). In the list of \("n{P _r}\)
permutations, each unique selection will be counted r! times, because the objects in an r-selection can be permuted amongst themselves in \(r!\) ways. Thus, the number of unique combinations can be \(\frac{{"n{P _r}}}{{r!}}V). \("n{C r} =\dfrac{"nP r}{r!} =\dfrac{n!}{(n - r) r!} = \dfrac{n!}{r!(n - r)}\) Examples on Combinations Example 1:
Consider the word EDUCATION. This has 9 distinct letters. How many 3-letter permutations (words) can be formed using the letters of this word? We now know how to answer questions like this; the answer in this particular case will be \(~9{P_3}\) Consider the following 3-letter permutations formed using the letters A, E, T from EDUCATION: AET ,
ATE, EAT, ETA, TAE, TEA These 6 different arrangements correspond to the same selection of letters, which is {A, E, T}. Thus, in the list of all 3-letter permutations, we will find that each unique Combination corresponds to 6 different arrangements. To find the number of unique 3-letter selections, we divide the number of 3-letter permutations by 6.
Hence, the number of 3-letter selections will be \(\dfrac{"~9P 3}{6}\) = 60480/ 6 = 10,080 Example 2: Out of a group of 5 people, a pair needs to be formed. The number of possible combinations can be calculated as follows. \(*"5{C 2} = \dfrac{{5!}}{{2\left( {5 - 2} \right)!}} = \dfrac{{5!}}{{2!3!}} = \dfrac{120} {2 \times 6} = 10\) Example
3:The number of 4-letter Combinations which can be made from the letters of the word DRIVEN is \(“6{C 4} = \dfrac{6!}{4!(6 - 4)!} = \dfrac{6!}{4!2!} =\dfrac{720} {24 \times 2} = 15\) Important Notes Whenever you read the phrase “number of combinations”, think of the phrase “number of selections”. When you are selecting objects, the order
of the objects does not matter. For example, XYZ and XZY are different arrangements but have the same selection. The number of combinations of n distinct objects, taken r at a time (where r is less than n), is \("nC_r = \dfrac{"nP r}{r}\) = \(\dfrac{n!}{r! (n-r)!}\) This result above is derived from the fact that in the list of all permutations of size r,
each unique selection is counted r! times. Out of n objects, the number of ways of combinations 0 or n objects is 1; and the number of ways of selecting 1 object or (n - 1) object is n. Out of n objects, the number of ways of selecting 2 objects is \("n{C_2} = \frac{{n\left( {n - 1} \right)} }{2}\). ¥ Also Check: Example 1. In a party of 10 people, each
person shakes hands with every other person. How many possible combinations of handshakes can be made? Solution: Each unique handshake corresponds to a unique pair of persons. Also, note that the order of the two people in the pair does not matter. For example, if X and Y are two people, then XY and YX won’t be counted separately; only the
pair {X, Y} will be counted. Here we consider the combination of any two people who shake their hand. Thus, we need to find the number of ways in which 2 people can be selected out of 10. Clearly, the answer is: \(~{10}{C 2} =\dfrac{10!}{2!(10 - 2)!} =\dfrac{10!}{2!8!} = 45\) Answer: 45 handshakes in total Example 2. How many diagonals are
there in a polygon with n sides?. (Use the concept of combinations to solve this.) Solution: If we select any two vertices of the polygon and join them, we will get either a diagonal or a side of the polygon. Here we can use the concept of combinations. The number of ways of selecting two vertices out of n is \("n{C 2} = \frac{n(n - 1)}{2}\). Out of these
selections, n correspond to the sides of the polygon. Thus, the number of diagonals is: \(\dfrac{n(n - 1)} {2} - n = \dfrac{n(n - 3)}{2}\). The number of diagonals are \(\dfrac{n (n - 3)}{2}\) Example 3. A class has 25 students. For a school event, 10 students need to be chosen from this class. 4 of the students of the class decide that either four of them
will participate in the event, or none of them will participate. What are the possible combination of 10 students? Solution: Given the specified constraint, we divide the set of all possible selections of 10 students into two groups: The selections include the 4 students; we already have 4 students - we need to select 6 more students out of the remaining
21 students. This can be done in \(~{21}{C_6}\) ways. Thus, the number of possible selections that include the 4 students is \(~{21}{C_6}\). The selections do not include the 4 students; now we need to select 10 students out of the remaining 21. This can be done in \(*~{21}{C {10} }\) ways. Thus, the number of possible selections that do not
include the 4 students is \("~ {21} {C {10}}\). The total number of possible combinations under the specified constraint is \(~{21}{C 6}{ + ~{21}}{C {10} }\). View Solution > go to slidego to slidego to slide Great learning in high school using simple cues Indulging in rote learning, you are likely to forget concepts. With Cuemath, you will learn
visually and be surprised by the outcomes. Book a Free Trial Class FAQs on Combinations Combinations are selections. Selecting r objects out of the given n objects is given by using the factorials. It is denoted by \(“nC _r = \dfrac{n!}{r!.(n - r)!}\). The combinations are the different subgroups that can be formed from the given larger group of
objects. How To Use The Combinations Formula? Combinations are calculated using the combination formula \("nC r = \dfrac{n!}{r! (n-r)!}\), while we need to choose r items out of n items. Here we use the factorial formula of n! =1 x 2 x 3 x....... (n - 1) X n. Does order matter in combinations? No, the order does not matter in combination. Just the
number of selections or subgroups matters. The number of dresses in the wardrobe can be selected at random in order. Picking 2 clothes out of 8 from the wardrobe requires \(~8C_2\) ways = \(\dfrac{8!}{2! 6!}\) = 28 ways. Here we consider the set of two and do not look into the order of the selection. What are the possible combinations of 6
numbers? The possible combinations (selections) out of 6 different numbers are as follows: Combination of 1 out of 6 is \(~{6}{C_1}\) Combination of 2 out of 6 is \(*~{6}{C_2}\) Combination of 3 out of 6 is \("{6}{C_3}\) Combination of 4 out of 6 is \(~{6}{C_4}\) Combination of 5 out of 6 is \(~{6}{C_5}\) Combination of 6 out of 6 is \(~{6}{C_61}\)
What are the possible combinations out of the digits 12347 The total number of combinations are possible this way: choosing 1 digit out of 4, choosing 2 digits out of 4, choosing 3 digits out of four and choosing 4 digits out of 4 = \("~{4}{C 1}+ ~{4}{C 2} + ~{4}{C 3} + ~{4}{C 4}\) =4 + 6 + 4 + 4 = 18 ways How Are Permutations and
Combinations Related? The permutations and combinations are related using the combination formula \("n{C r} = \dfrac{"nP r}{r!} = \dfrac{n!}{(n-r) r!'} = \dfrac{n!}{r!(n - r)}\). The combinations are the selection of r things taken from n different things, and permutation is the different arrangement of those r things. What Are The Differences
Between Permutations and Combinations? Permutations are seen as arrangements of r things out of n things, whereas combinations are seen as selections of r things out of n things. \("nP_r =\dfrac{n!}{r!}\) and \("nC r = \dfrac{n!}{r! (n-r)!}\). For the given r things out of n things, the number of permutations are greater than the number of
combinations. What Are the Combination Examples? The combination examples include the groups formed from dissimilar obects.The formation of a committee, the sport team, set of different stationary objects, team of people are some of the combination examples. Share — copy and redistribute the material in any medium or format for any purpose,
even commercially. Adapt — remix, transform, and build upon the material for any purpose, even commercially. The licensor cannot revoke these freedoms as long as you follow the license terms. Attribution — You must give appropriate credit , provide a link to the license, and indicate if changes were made . You may do so in any reasonable manner,
but not in any way that suggests the licensor endorses you or your use. ShareAlike — If you remix, transform, or build upon the material, you must distribute your contributions under the same license as the original. No additional restrictions — You may not apply legal terms or technological measures that legally restrict others from doing anything
the license permits. You do not have to comply with the license for elements of the material in the public domain or where your use is permitted by an applicable exception or limitation . No warranties are given. The license may not give you all of the permissions necessary for your intended use. For example, other rights such as publicity, privacy, or
moral rights may limit how you use the material. Please read Introduction to Sets first! This activity investigates how many subsets a set has. What is a Subset? A subset is a set contained in another set It is like you can choose ice cream from the following flavors: {banana, chocolate, vanilla} You could choose any one flavor {banana}, {chocolate}, or
{vanilla}, Or any two flavors: {banana, chocolate}, {banana, vanilla}, or {chocolate, vanilla}, Or all three flavors (no that isn't greedy), Or you could say "none at all thanks", which is the "empty set": {} Has the subsets: It also has the subsets: {alex, billy} {alex, casey} {billy, dale} etc ... Also: {alex, billy, casey} {alex, billy, dale} etc ... And also: the
whole set: {alex, billy, casey, dale} the empty set: {} Now let's start with the Empty Set and move on up ... The Empty Set How many subsets does the empty set have? You could choose: the whole set: {} the empty set: {} But, hang on a minute, in this case those are the same thing! So the empty set really has just 1 subset (which is itself, the empty
set). It is like asking "There is nothing available, so what do you choose?" Answer "nothing". That is your only choice. Done. A Set With One Element The set could be anything, but let's just say it is: {apple} How many subsets does the set {apple} have? the whole set: {apple} the empty set: {} And that's all. You can choose the one element, or
nothing. So any set with one element will have 2 subsets. A Set With Two Elements Let's add another element to our example set: {apple, banana} How many subsets does the set {apple, banana} have? It could have {apple}, or {banana}, and don't forget: the whole set: {apple, banana} the empty set: {} So a set with two elements has 4 subsets. A
Set With Three Elements How about: {apple, banana, cherry} OK, let's be more systematic now, and list the subsets by how many elements they have: Subsets with one element: {apple}, {banana}, {cherry} Subsets with two elements: {apple, banana}, {apple, cherry}, {banana, cherry} And: the whole set: {apple, banana, cherry} the empty set: {}
In fact we could put it in a table: List Number of subsets zero elements {} 1 one element {apple}, {banana}, {cherry} 3 two elements {apple, banana}, {apple, cherry}, {banana, cherry} 3 three elements {apple, banana, cherry} 1 Total: 8 (Note: did you see a pattern in the numbers there?) Sets with Four Elements (Your Turn!) Now try to do the
same for this set: {apple, banana, cherry, date} Here is a table for you: List Number of subsets zero elements {} one element two elements three elements four elements Total: (Note: if you did this right, there will be a pattern to the numbers.) And now: {apple, banana, cherry, date, egg} Here is a table for you: List Number of subsets
zero elements {} one element two elements three elements four elements five elements Total: (Was there a pattern to the numbers?) Sets with Six Elements What about: {apple, banana, cherry, date, egg, fudge} OK ... we don't need to complete a table, because... ... you should be able to see a pattern by now! The first thing to notice is
that the total number of subsets doubles each time: A set with n elements has 2n subsets So you should be able to answer: How many subsets are there for a set of 6 elements? How many subsets are there for a set of 7 elements? Another Pattern Now let's think about subsets and sizes: The empty set has just 1 subset: 1 A set with one
element has 1 subset with no elements and 1 subset with one element: 1 1 A set with two elements has 1 subset with no elements, 2 subsets with one element and 1 subset with two elements: 1 2 1 A set with three elements has 1 subset with no elements, 3 subsets with one element, 3 subsets with two elements and 1 subset with three elements: 1 3 3
1 and so on! Do you recognize this pattern of numbers? They are the numbers from Pascal's Triangle! This is very useful, because now you can check if you have the right number of subsets. Note: the rows start at 0, and likewise the columns. {apple, banana, cherry} {apple, banana, date} {apple, banana, egg} {apple, cherry, egg} But that is only 4
subsets, how many should there be? Well, you are choosing 3 out of 5, so go to row 5, position 3 of Pascal's Triangle (remember to start counting at 0) to find you need 10 subsets, so you must think harder! In fact these are the results: {apple,banana,cherry} {apple,banana,date} {apple,banana,egg} {apple,cherry,date} {apple,cherry,egg}
{apple,date,egg} {banana,cherry,date} {banana,cherry,egg} {banana,date,egg} {cherry,date,egg} Calculating The Numbers Is there a way of calculating the numbers such as 1, 4, 6, 4 and 1 (instead of looking them up in Pascal's Triangle)? Yes, we can find the number of ways of selecting each number of elements using Combinations. There are
four elements in the set, and: The number of ways of selecting 0 elements from 4 = 4C0O = 1 The number of ways of selecting 1 element from 4 = 4C1 = 4 The number of ways of selecting 2 elements from 4 = 4C2 = 6 The number of ways of selecting 3 elements from 4 = 4C3 = 4 The number of ways of selecting 4 elements from 4 = 4C4 =1

Total number of subsets = 16 Can you do the same for a set with five elements? Complete the following: The number of ways of selecting 0 elements from 5 = 5C0 = 1 The number of ways of selecting 1 element from 5 = The number of ways of selecting 2 elements from 5 = The number of ways of selecting
3 elements from 5 = The number of ways of selecting 4 elements from 5 = The number of ways of selecting 5 elements from 5 = Total number of subsets = In this activity you have: Discovered a rule for determining the total number of subsets for a given set: A set with n elements
has 2n subsets Found a connection between the numbers of subsets of each size with the numbers in Pascal's triangle Discovered a quick way to calculate these numbers using Combinations More importantly you have learned how different branches of mathematics can be combined together. Copyright © 2025 Rod Pierce The combination formula is
used to find the number of ways of selecting items from a collection, such that the order of selection does not matter. In simple words, combination involves the selection of objects or things out of a larger group where order doesn’t matter. The formula for combination helps to find the number of possible combinations that can be obtained by taking a
subset of items from a larger set. It shows how many different possible subsets can be made from the larger set. It should be noted that the formula for permutation and combination are interrelated and are mentioned below. Formula for Combination Combination Formula \(\begin{array} {1} ~{n}C {r} = \frac{n!}{(n-r)!r!}\end{array} \) Combination
Formula Using Permutation C(n, r) = P(n,r)/ r! Notations in nCr Formula: r is the size of each permutation n is the size of the set from which elements are permuted n, r are non-negative integers ! is the factorial operator The combination formula shows the number of ways a sample of “r” elements can be obtained from a larger set of “n”
distinguishable objects. Also Check: N Choose K Formula Example Question From Combination Formula Question 1: Father asks his son to choose 4 items from the table. If the table has 18 items to choose, how many different answers could the son give? Solution: Given, r = 4 (item sub-set) n = 18 (larger item) Therefore, simply: find “18 Choose 4”
We know that, Combination = C(n, r) = n!/r!(n-r)! \(\begin{array} {1}\frac{18!} {4!(18-4)!}=\frac{18!}{14\times4!}\end{array} \) = 3,060 possible answers. Keep visiting BYJU’S to get more such maths formulas on different concepts and for different classes. Also, download the app and register now to get a more personalized and effective learning
experience by getting engaging video lessons. This article is about the mathematics of selecting part of a collection. For other uses, see Combination (disambiguation). "COMBIN" redirects here. For other uses, see Combin (disambiguation). Selection of items from a set In mathematics, a combination is a selection of items from a set that has distinct
members, such that the order of selection does not matter (unlike permutations). For example, given three fruits, say an apple, an orange and a pear, there are three combinations of two that can be drawn from this set: an apple and a pear; an apple and an orange; or a pear and an orange. More formally, a k-combination of a set S is a subset of k
distinct elements of S. So, two combinations are identical if and only if each combination has the same members. (The arrangement of the members in each set does not matter.) If the set has n elements, the number of k-combinations, denoted by C (n, k) {\displaystyle C(n,k)} or C k n {\displaystyle C {k}~{n}}, is equal to the binomial coefficient (
nk)=n(n-1)-(n—-k+1)k(k-1)--1, {\displaystyle {\binom {n}{k}}={\frac {n(n-1)\dotsb (n-k+1)} {k(k-1)\dotsb 1}},} which can be written using factorialsasn ! k! (n — k) ! {\displaystyle \textstyle {\frac {n!}{k!(n-k)!}}} whenever k = n {\displaystyle k\leq n} , and which is zero when k > n {\displaystyle k>n} . This formula can be
derived from the fact that each k-combination of a set S of n members has k ! {\displaystyle k!} permutations so Pkn = Ckn x k! {\displaystyle P {k}"~{n}=C {k}"{n}\timesk!} orCkn =Pkn/k! {\displaystyle C {k}"~{n}=P {k}~{n}/k!} .[1] The set of all k-combinations of a set S is often denoted by ( S k ) {\displaystyle \textstyle {\binom {S}
{k}}} . A combination is a selection of n things taken k at a time without repetition. To refer to combinations in which repetition is allowed, the terms k-combination with repetition, k-multiset,[2] or k-selection,[3] are often used.[4] If, in the above example, it were possible to have two of any one kind of fruit there would be 3 more 2-selections: one
with two apples, one with two oranges, and one with two pears. Although the set of three fruits was small enough to write a complete list of combinations, this becomes impractical as the size of the set increases. For example, a poker hand can be described as a 5-combination (k = 5) of cards from a 52 card deck (n = 52). The 5 cards of the hand are
all distinct, and the order of cards in the hand does not matter. There are 2,598,960 such combinations, and the chance of drawing any one hand at random is 1 / 2,598,960. Main article: Binomial coefficient "COMBIN" redirects here. For other uses, see Combin (disambiguation). 3-element subsets of a 5-element set The number of k-combinations
from a given set S of n elements is often denoted in elementary combinatorics texts by C (n, k) {\displaystyle C(n,k)} , or by a variation such as C k n {\displaystyle C {k}~{n}}, n C k {\displaystyle {} {n}C {k}}, n C k {\displaystyle {}~{n}C {k}}, Cn, k {\displaystyle C {n,k}} or even C n k {\displaystyle C {n}~{k}} [5] (the last form is
standard in French, Romanian, Russian, and Chinese texts).[6][7] The same number however occurs in many other mathematical contexts, where it is denoted by ( n k ) {\displaystyle {\tbinom {n}{k}}} (often read as "n choose k"); notably it occurs as a coefficient in the binomial formula, hence its name binomial coefficient. One can define (n k)
{\displaystyle {\tbinom {n}{k}}} for all natural numbers k at once by the relation (1 + X)n=>k =0 (n k) Xk, {\displaystyle (1+X)"{n}=\sum {k\geq 0} {\binom {n}{k}}X~{k},} from which it is clearthat (n0) =(nn) =1, {\displaystyle {\binom {n}{0}}={\binom {n}{n}}=1,} and further (n k ) = 0 {\displaystyle {\binom {n}{k}}=0} for
k > n {\displaystyle k>n} . To see that these coefficients count k-combinations from S, one can first consider a collection of n distinct variables Xs labeled by the elements s of S, and expand the product over all elements of S: [Ts € S (1 + X s ) ; {\displaystyle \prod {s\in S}(1+X {s});} it has 2n distinct terms corresponding to all the subsets of S,
each subset giving the product of the corresponding variables Xs. Now setting all of the Xs equal to the unlabeled variable X, so that the product becomes (1 + X)n, the term for each k-combination from S becomes Xk, so that the coefficient of that power in the result equals the number of such k-combinations. Binomial coefficients can be computed
explicitly in various ways. To get all of them for the expansions up to (1 + X)n, one can use (in addition to the basic cases already given) the recursion relation (nk)=(n—-1k—-1)+ (n -1 k), {\displaystyle {\binom {n}{k}}={\binom {n-1}{k-1}}+{\binom {n-1}{k}},} for 0 < k < n, which follows from (1 + X)n = (1 + X)n — 1(1 + X); this leads to
the construction of Pascal's triangle. For determining an individual binomial coefficient, it is more practical to use the formula(nk)=n(n-1)(n-2) - (n—-k + 1) k!. {\displaystyle {\binom {n}{k}}={\frac {n(n-1)(n-2)\cdots (n-k+1)}{k!}}.} The numerator gives the number of k-permutations of n, i.e., of sequences of k distinct elements of S,
while the denominator gives the number of such k-permutations that give the same k-combination when the order is ignored. When k exceeds n/2, the above formula contains factors common to the numerator and the denominator, and canceling them out gives the relation (nk ) = (nn — k), {\displaystyle {\binom {n}{k}}={\binom {n}{n-k}},} for
0 = k = n. This expresses a symmetry that is evident from the binomial formula, and can also be understood in terms of k-combinations by taking the complement of such a combination, which is an (n — k)-combination. Finally there is a formula which exhibits this symmetry directly, and has the merit of being easy to remember: (nk)=n!k!(n -k
) !, {\displaystyle {\binom {n}{k}}={\frac {n!}{k!(n-k)!}},} where n! denotes the factorial of n. It is obtained from the previous formula by multiplying denominator and numerator by (n — k)!, so it is certainly computationally less efficient than that formula. The last formula can be understood directly, by considering the n! permutations of all the
elements of S. Each such permutation gives a k-combination by selecting its first k elements. There are many duplicate selections: any combined permutation of the first k elements among each other, and of the final (n — k) elements among each other produces the same combination; this explains the division in the formula. From the above formulas
follow relations between adjacent numbers in Pascal's triangle in all three directions: (nk)={(nk—-1)n—-k+ 1kif k>0(n—-—1k)nn—-kif k<n(n—-1k-1)nkif n, k> 0. {\displaystyle {\binom {n}{k}}={\begin{cases}\displaystyle {\binom {n}{k-1}}{\frac {n-k+1}{k}}&\quad {\text{if } } k>0\\\displaystyle {\binom {n-1}{k}}{\frac
{n}{n-k}}&\quad {\text{if } }kO\end{cases}}.} Together with the basic cases (n0) =1 = (n n ) {\displaystyle {\tbinom {n}{0}}=1={\tbinom {n}{n}}} , these allow successive computation of respectively all numbers of combinations from the same set (a row in Pascal's triangle), of k-combinations of sets of growing sizes, and of combinations with
a complement of fixed size n — k. As a specific example, one can compute the number of five-card hands possible from a standard fifty-two card deck as:[8] (525 ) =52 x 51 x 50 x 49 x 485 x4 x 3 x 2 x 1 =311,875,200 120 = 2,598,960. {\displaystyle {\binom {52} {5} }={\frac {52\times 51\times 50\times 49\times 48} {5\times 4\times 3\times
2\times 1}}={\frac {311{,}875{,}200}{120}}=2{,}5984{,}960.} Alternatively one may use the formula in terms of factorials and cancel the factors in the numerator against parts of the factors in the denominator, after which only multiplication of the remaining factors is required: (52 5) =52151471 =52 x 51 x50 x 49 x 48 x 4715 x4 x 3 x 2
X1 x471=52%x51x50%x49%x485x4x3x2=(260x2)%x(17x3)x(10x5)x49x(12x4)5x4x3x2=26x%x17x10x49 x 12 =2,598,960. {\displaystyle {\begin{alignedat}{2}{\binom {52}{5}}&={\frac {52!} {5!47!} I\\[5ptl&={\frac {52\times 51\times 50\times 49\times 48\times {\cancel {47!} }}{5\times 4\times 3\times
2\times {\cancel {1} }\times {\cancel {47!} }} }\[5ptl&={\frac {52\times 51\times 50\times 49\times 48} {5\times 4\times 3\times 2} }\\[5pt]&={\frac {(26\times {\cancel {2} })\times (17\times {\cancel {3} })\times (10\times {\cancel {5} })\times 49\times (12\times {\cancel {4} })}{{\cancel {5} }\times {\cancel {4} }\times {\cancel {3} }\times {\cancel
{2} }} I\[5pt]&={26\times 17\times 10\times 49\times 12 }\\[5pt]&=2{,}598{,}960.\end{alignedat} } } Another alternative computation, equivalent to the first, is based on writing (nk)=(n-0)1x(n—-1)2x(n—-2)3 x - X (n - (k — 1))k, {\displaystyle {\binom {n}{k}}={\frac {(n-0)} {1} }\times {\frac {(n-1)}{2} }\times {\frac {(n-2)}
{3} }\times \cdots \times {\frac {(n-(k-1))}{k}},} which gives (525) =521 x 512 x 503 x 494 x 48 5 = 2,598,960. {\displaystyle {\binom {52}{5}}={\frac {52} {1} }\times {\frac {51} {2} }\times {\frac {50} {3} }\times {\frac {49} {4} }\times {\frac {48}{5}}=2{,}598{,}960.} When evaluated in the following order, 52 + 1 X 51 + 2 x 50 + 3 X
49 + 4 x 48 + 5, this can be computed using only integer arithmetic. The reason is that when each division occurs, the intermediate result that is produced is itself a binomial coefficient, so no remainders ever occur. Using the symmetric formula in terms of factorials without performing simplifications gives a rather extensive calculation: (52 5) =n'!
k!(n—-k)!=52!51(52-5)!=52151471=80,658,175,170, 943,878,571, 660, 636, 856, 403, 766, 975, 289, 505, 440, 8383, 277, 824, 000, 000, 000, 000 120 x 258, 623, 241, 511, 168, 180, 642, 964, 355, 153, 611, 979, 969, 197, 632, 389, 120, 000, 000, 000 = 2,598,960. {\displaystyle {\begin{aligned} {\binom
{52} {5} }&={\frac {n!}{k!(n-k)!}}={\frac {52!} {5!(52-5)!}}={\frac {52!} {5!47!} N\[6pt]&={\tfrac {80,658,175,170,943,878,571,660,636,856,403,766,975,289,505,440,883,277,824,000,000,000,000} {120\times 258,623,241,511,168,180,642,964,355,153,611,979,969,197,632,389,120,000,000,000} }\\[6pt]&=2{,}598{,}960.\end{aligned} } } One
can enumerate all k-combinations of a given set S of n elements in some fixed order, which establishes a bijection from an interval of ( n k ) {\displaystyle {\tbinom {n}{k}}} integers with the set of those k-combinations. Assuming S is itself ordered, for instance S = { 1, 2, ..., n }, there are two natural possibilities for ordering its k-combinations: by
comparing their smallest elements first (as in the illustrations above) or by comparing their largest elements first. The latter option has the advantage that adding a new largest element to S will not change the initial part of the enumeration, but just add the new k-combinations of the larger set after the previous ones. Repeating this process, the
enumeration can be extended indefinitely with k-combinations of ever larger sets. If moreover the intervals of the integers are taken to start at 0, then the k-combination at a given place i in the enumeration can be computed easily from i, and the bijection so obtained is known as the combinatorial number system. It is also known as "rank"/"ranking"
and "unranking" in computational mathematics.[9][10] There are many ways to enumerate k combinations. One way is to track k index numbers of the elements selected, starting with {0 .. k—1} (zero-based) or {1 .. k} (one-based) as the first allowed k-combination. Then, repeatedly move to the next allowed k-combination by incrementing the
smallest index number for which this would not create two equal index numbers, at the same time resetting all smaller index numbers to their initial values. See also: Multiset coefficient A k-combination with repetitions, or k-multicombination, or multisubset of size k from a set S of size n is given by a set of k not necessarily distinct elements of S,
where order is not taken into account: two sequences define the same multiset if one can be obtained from the other by permuting the terms. In other words, it is a sample of k elements from a set of n elements allowing for duplicates (i.e., with replacement) but disregarding different orderings (e.g. {2,1,2} = {1,2,2}). Associate an index to each
element of S and think of the elements of S as types of objects, then we can let x i {\displaystyle x {i}} denote the number of elements of type i in a multisubset. The number of multisubsets of size k is then the number of nonnegative integer (so allowing zero) solutions of the Diophantine equation:[11]x 1 + x2 + ... + x n = k. {\displaystyle
x {1}+x {2}+\ldots +x {n}=k.} If S has n elements, the number of such k-multisubsets is denoted by ( (n k) ), {\displaystyle \left(\'\! {\binom {n}{k} }\\l\right),} a notation that is analogous to the binomial coefficient which counts k-subsets. This expression, n multichoose k,[12] can also be given in terms of binomial coefficients: ((nk))=(n + k
— 1 k). {\displaystyle \left(\'\! {\binom {n}{k} }\'\\right)={\binom {n+k-1}{k}}.} This relationship can be easily proved using a representation known as stars and bars.[13] Proof A solution of the above Diophantine equation can be represented by x 1 {\displaystyle x {1}} stars, a separator (a bar), then x 2 {\displaystyle x {2} } more stars, another
separator, and so on. The total number of stars in this representation is k and the number of bars is n - 1 (since a separation into n parts needs n-1 separators). Thus, a string of k + n- 1 (orn + k - 1) symbols (stars and bars) corresponds to a solution if there are k stars in the string. Any solution can be represented by choosing k out of k + n — 1
positions to place stars and filling the remaining positions with bars. For example, the solutionx1 =3 ,x2=2,x3 =0, x4 = 5 {\displaystyle x {1}=3,x {2}=2,x {3}=0,x {4}=5} of the equationx 1 +x2 + x 3 + x4 = 10 {\displaystyle x {1}+x {2}+x {3}+x {4}=10} (n =4 and k = 10) can be represented by[14] % * % | % & | | x % * % * .
{\displaystyle \bigstar \bigstar \bigstar |\bigstar \bigstar ||\bigstar \bigstar \bigstar \bigstar \bigstar .} The number of such strings is the number of ways to place 10 stars in 13 positions, (13 10) = (13 3 ) = 286, {\textstyle {\binom {13}{10}}={\binom {13} {3}}=286,} which is the number of 10-multisubsets of a set with 4 elements. Bijection
between 3-subsets of a 7-set (left) and 3-multisets with elements from a 5-set (right).This illustrates that (7 3 ) = (( 5 3) ) {\textstyle {\binom {7} {3} }=\left(\'\!{\binom {5} {3} }\\I\right)} . As with binomial coefficients, there are several relationships between these multichoose expressions. For example, forn = 1 , k = 0 {\displaystyle n\geq 1,k\geq
0},((nk))=((k+1n-1)). {\displaystyle \left(\'\!{\binom {n} {k} }\'\\right)=\left(\I\! {\binom {k+1}{n-1}}\'\\right).} This identity follows from interchanging the stars and bars in the above representation.[15] For example, if you have four types of donuts (n = 4) on a menu to choose from and you want three donuts (k = 3), the number of
ways to choose the donuts with repetition can be calculatedas ((43))=(4+3-13)=(63)=6x5x43 x 2 x1=20. {\displaystyle \left(\'\!{\binom {4} {3} }\'\'\right)={\binom {4+3-1}{3}}={\binom {6} {3} }={\frac {6\times 5\times 4} {3\times 2\times 1} }=20.} This result can be verified by listing all the 3-multisubsets of the set S =
{1,2,3,4}. This is displayed in the following table.[16] The second column lists the donuts you actually chose, the third column shows the nonnegative integer solutions [x 1 ,x 2, x 3, x4 ] {\displaystyle [x {1},x {2},x {3},x {4}]} of the equationx 1 + x2 + x 3 + x4 = 3 {\displaystyle x {1}+x {2}+x {3}+x {4}=3} and the last column gives the
stars and bars representation of the solutions.[17] No. 3-multiset Eq. solution Stars and bars 1 {1,1,1} [3,0,0,0] * % % | | | {\displaystyle \bigstar \bigstar \bigstar |||} 2 {1,1,2} [2,1,0,0] % % | % | | {\displaystyle \bigstar \bigstar |\bigstar ||} 3 {1,1,3} [2,0,1,0] % % | | % | {\displaystyle \bigstar \bigstar ||\bigstar |} 4 {1,1,4} [2,0,0,1] % % ||| *
{\displaystyle \bigstar \bigstar |||\bigstar } 5 {1,2,2} [1,2,0,0] % | * % | | {\displaystyle \bigstar |\bigstar \bigstar ||} 6 {1,2,3} [1,1,1,0] % | * | % | {\displaystyle \bigstar |\bigstar |\bigstar |} 7 {1,2,4} [1,1,0,1] % | % | | * {\displaystyle \bigstar |\bigstar |[\bigstar } 8 {1,3,3} [1,0,2,0] % | | * * | {\displaystyle \bigstar ||\bigstar \bigstar |} 9 {1,3,4}
[1,0,1,1] % | | * | * {\displaystyle \bigstar ||\bigstar |\bigstar } 10 {1,4,4} [1,0,0,2] % | | | * * {\displaystyle \bigstar |||\bigstar \bigstar } 11 {2,2,2} [0,3,0,0] | * % * | | {\displaystyle |\bigstar \bigstar \bigstar ||} 12 {2,2,3} [0,2,1,0] | * % | % | {\displaystyle |\bigstar \bigstar |\bigstar |} 13 {2,2,4} [0,2,0,1] | * * | | * {\displaystyle |\bigstar \bigstar
|\bigstar } 14 {2,3,3} [0,1,2,0]1] * | % * | {\displaystyle |\bigstar [\bigstar \bigstar |} 15 {2,3,4} [0,1,1,1] | % | * | * {\displaystyle |\bigstar |\bigstar |\bigstar } 16 {2,4,4} [0,1,0,2] | % | | * * {\displaystyle |\bigstar ||\bigstar \bigstar } 17 {3,3,3} [0,0,3,0]1 | | * * * | {\displaystyle ||\bigstar \bigstar \bigstar |} 18 {3,3,4} [0,0,2,1] | | * * | %
{\displaystyle ||\bigstar \bigstar |\bigstar } 19 {3,4,4} [0,0,1,2] | | * | * * {\displaystyle ||\bigstar |\bigstar \bigstar } 20 {4,4,4} [0,0,0,3] | | | * * % {\displaystyle |||\bigstar \bigstar \bigstar } See also: Binomial coefficient § Sum of coefficients row The number of k-combinations for all k is the number of subsets of a set of n elements. There are several
ways to see that this number is 2n. In terms of combinations, 3 0 =k = n (n k) = 2 n {\textstyle \sum {0O\leq {k}\leq {n}}{\binom {n}{k}}=2"{n}} , which is the sum of the nth row (counting from 0) of the binomial coefficients in Pascal's triangle. These combinations (subsets) are enumerated by the 1 digits of the set of base 2 numbers counting
from 0 to 2n — 1, where each digit position is an item from the set of n. Given 3 cards numbered 1 to 3, there are 8 distinct combinations (subsets), including the empty set: | { { }; {1 };{2};{1,23};{3};{1,3};{2,3};{1,2,3}}]|=23=8{\displaystyle NM{\{\}\{I\E\{2\}\{1,2\} \{3\}\{1,3\};\ {2,3\};\{1,2,3\}\}|=2"{3}=8}
Representing these subsets (in the same order) as base 2 numerals: 0 - 0001 -0012-0103-0114-1005-1016-1107 - 111 There are various algorithms to pick out a random combination from a given set or list. Rejection sampling is extremely slow for large sample sizes. One way to select a k-combination efficiently from a population of size n
is to iterate across each element of the population, and at each step pick that element with a dynamically changing probability of k — # samples chosen n — # samples visited {\textstyle {\frac {k-\# {\text{samples chosen}}} {n-\#{\text{samples visited}}}}} (see Reservoir sampling). Another is to pick a random non-negative integer less than (n k)
{\displaystyle \textstyle {\binom {n}{k}}} and convert it into a combination using the combinatorial number system. A combination can also be thought of as a selection of two sets of items: those that go into the chosen bin and those that go into the unchosen bin. This can be generalized to any number of bins with the constraint that every item must
go to exactly one bin. The number of ways to put objects into bins is given by the multinomial coefficient (nk1,k2, ..., km)=n!k1!k2!.-km!, {\displaystyle {\binom {n}{k {1}, k {2} \ldots ,k {m}}}={\frac {n!}{k {1}"\k {2}!\cdots k {m}!}},} where n is the number of items, m is the number of bins, and ki {\displaystyle k {i}} is the
number of items that go into bin i. One way to see why this equation holds is to first number the objects arbitrarily from 1 to n and put the objects with numbers 1, 2, ..., k 1 {\displaystyle 1,2,\ldots ,k {1}} into the first bin in order, the objects with numbersk1 + 1,k 1+ 2, ..., k 2 {\displaystyle k {1}+1,k {1}+2\ldots ,k {2}} into the second bin
in order, and so on. There are n ! {\displaystyle n!} distinct numberings, but many of them are equivalent, because only the set of items in a bin matters, not their order in it. Every combined permutation of each bins' contents produces an equivalent way of putting items into bins. As a result, every equivalence class consistsof k 1 1 k2! -+ km !
{\displaystyle k {1}!\,k {2}!\cdots k {m}!} distinct numberings, and the number of equivalence classesisn!k 1!k 2! ... km ! {\displaystyle \textstyle {\frac {n!}{k {1}!\,k {2}!\cdots k {m}!}}} . The binomial coefficient is the special case where k items go into the chosen bin and the remaining n — k {\displaystyle n-k} items go into the unchosen
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